Recently a simple one-parameter generalization of the Schwarzschild spacetime was suggested by A. M. Visser [JCAP 1902, 042 (2019)] as a toy model describing the regular black hole and traversable wormhole states separated by the border (one-way wormhole) state, depending on the value of the new parameter. Here we will study quasinormal modes of all three states and show that the black-hole/wormhole transition is characterized by echoes, while the memory of the black hole state is kept in the time-domain profile of the wormhole perturbation at the initial stage of the exponential fall off. Calculations of quasinormal modes with the help of the WKB method with Padé expansion and time-domain integration are in a good agreement. An analytical formula for quasinormal modes in the eikonal regime is obtained.
I. INTRODUCTION
The current observations in the gravitational and electromagnetic spectra, although favorable to black holes [3] [4] [5] [6] , do not forbid more exotic objects such as exotic stars [7, 8] and wormholes [9] [10] [11] .
The latter can, theoretically, be designed in such a way that their behavior is indistinguishable from black holes, particularly in gravitational radiation and astrophysical optical effects [9] [10] [11] . However, a symmetric wormhole can be distinguished from a black hole somewhat easier as it cannot mimic simultaneously the black hole ringing at a few dominat multipoles [16] .
The fingerprints of a compact object is its spectrum of quasinormal modes which depends on the parameters of the geometry [12] [13] [14] . Quasinormal modes of black holes, recently observed in, apparently, the merger of two black holes [3, 4] , are regarded as black holes' proper oscillations frequencies under the requirement of purely outgoing wave at infinity and purely incoming wave to the event horizon. This means absence of incoming waves from both plus-and minus-infinity in terms of the tortoise coordinate.
Quasinormal modes of the wormholes, connecting two infinities, obey the same boundary conditions in terms of the tortoise coordinate as those for black holes and they were studied in various contexts in [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] An interesting model interpolating between the traversable wormhole and regular black hole was suggested in [1] and extended to the time-dependent case in [2] . Here we would like to see how the transition between the regular black hole and a wormhole via black bounce can look like from the point of view of quasinormal ringing.
We will show that the black-hole/wormhole transition is characterized by echoes, while the memory of the black * wwrttye@gmail.com † zdenek.stuchlik@fpf.slu.cz hole state is kept in the time-domain profile of the wormhole perturbation at the initial stage of the exponential fall off. We perform the calculations of quasinormal modes with the help of the WKB method with Padé expansion and time-domain integration and demonstrate that the results are in a good agreement. We also obtain an analytical formula for quasinormal modes in the eikonal regime. The paper is organized as follows. In Sec II we introduce the metric under consideration, master equations for scalar and electromagnetic perturbations and the form of the effective potentials for both cases. We also outline the methods we use: the WKB method with Padé approximants and time-domain integration. In Sec. III we present quasinormal modes for scalar and electromagnetic fields and demonstrate the effects of echoes and the memory of the black hole state in black hole/wormhole transition. We list the successive time-domain profiles, which helps to evaluate these effects qualitatively. The reliability of the obtained results is confirmed by agreement of the calculations in frequency and time domains. For the eikonal regime we find an analytical formula for quasinormal modes. In Conclusions we summarize obtained results and mention some open problems.
II. THE METHODS

A. The wave equation
We consider scalar and electromagnetic perturbations of the static spherically symmetric spacetime described by the metric suggested in [1] :
which interpolates between a black hole and a wormhole.
For different values of non-negative parameter a this met- ric specifies correspondingly:
• the Schwarzschild black hole for a = 0;
• a regular black hole for a ∈ (0, 2M );
• a one-way wormhole with an extremal null throat for a = 2M ;
• the Morris-Thorne traversable wormhole for a > 2M .
The general covariant equation for a massive scalar field has the form
and for an electromagnetic field it has the form
where F ρσ = ∂ ρ A σ − ∂ σ A ρ and A µ is a vector potential. After separation of the variables Eqs. (2) and (3) take the following general wave-like form
where s = 0 corresponds to scalar field and s = 1 to electromagnetic field, the "tortoise coordinate" r * is defined by the relation
and the effective potential is
While the effective potential for the regular black hole a < 2M has the form of the potential barrier decaying at both infinities, after the transition to the wormhole state the second peak appears far from the first black-hole peak and, when a is increased (see Fig. 1 ), the second peak is approaching the first one merging at some larger a. Such a behavior is qualitatively similar to the case of Damour-Solodukhin wormhole [9] and, as it was shown in [10] this second peak far from the surface (throat) of the compact object causes modification of a signal at late times, called echoes.
B. The WKB method
In the frequency domain we shall use the WKB method [35] [36] [37] [38] [39] and its extension to the form of the Padé approximants. To find quasinormal modes we use higher-order WKB formula [38] :
where K takes half-integer values. The corrections A k (K 2 ) of order k to the eikonal formula are polynomials of K 2 with rational coefficients and depend on the values of higher derivatives of the potential V (r) in its maximum. To increase accuracy of the WKB formula, we take after Matyjasek and Opala [37] and use Padé approximants. For the order k of the WKB formula (7) we define a polynomial P k (ǫ) as
whence the squared frequency is obtained for ǫ = 1: For the polynomial P k (ǫ) we construct the functions
called Padé approximants, withñ +m = k, such that
Generally for finding fundamental mode (n = 0) Padé approximants withñ ≈m give the best approximation.
In [37] , P 6/6 (1) and P 6/7 (1) were compared to the 6thorder WKB formula P 6/0 (1). In [38] it has been observed that usually even P 3/3 (1), i. e. a Padé approximation of the 6th-order, gives a more accurate value for the squared frequency than P 6/0 (1). We use this observation to find appropriate Padé partition in our case.
C. The time domain method
If in Eq. (4) we use the second derivative in time instead of stationary ansatz leading to ω 2 term, then the corresponding partial differential equations can be integrated at a fixed r in the time domain. We shall integrate the wave-like equation rewritten in terms of the lightcone variables u = t − r * and v = t + r * . The appropriate discretization scheme was suggested in [40] :
where the following designations for the points were used:
The initial data are given on the null surfaces u = u 0 and v = v 0 .
III. QUASINORMAL MODES
For the calculation of the quasinormal modes of the continuously parametrized spacetime (1) we fix the mass of our compact object M = 0.5 and consider scalar and electromagnetic perturbations for various multipole numbers ℓ. In the case of the black hole, that is for a < 1 we use both allowed WKB and time-domain methods and demonstrate in Tables 1 and 2 a good agreement between the obtained results.
As it can be seen from the form of the effective potential on the left panel of Fig. 1 for the values of the parameter in the vicinity of the black hole/wormhole transition there is the second peak of the potential far off. This phenomenon causes modification of the signal at the late times known as echoes, which can occur either because of the modification of the black-hole metric near its event horizon [10, 33] or due to the matter situated at some distance from the compact object [32, 34] . From the timedomain profiles on Fig. 2 we extracted (for t ≈ 17 − 37) the quasinormal mode of the black hole which remained as the initial outburst. Then we observe the echo effect and for t ≈ 200 − 300 we obtain the quasinormal mode of the newly formed wormhole. The parameter a being increased, both peaks of the effective potential become sufficiently close and the echo effect goes down rather quickly going over into the distinctive quasinormal mode of the wormhole. For a = 1.2 already we have a kind of the initial outburst(which still slightly resembles the regular black hole quasinormal ringing) and the well seen quasinormal mode of the wormhole spacetime. However, the more parameter a is increased, the earlier numerical noise starts, so that for sufficiently large values of a we need to integrate with smaller grid and higher precision.
Described results are presented in the Table 2 , where for the values of the parameter after the black hole/wormhole transition we list two modes: the first is the memory of the black hole remaining in the initial outburst and the second is the ringdown of the wormhole.
For the eikonal quasinormal modes we obtain the following analytical formula
The above eikonal formula is valid whenever the effective potential has the form of the potential barrier with a single maximum, implying the two turning points, which is the case of the black hole a < 2M .
IV. CONCLUSIONS
For the spacetime model (1) interpolating between a regular black hole and a wormhole we studied the ringing of the black hole/wormhole transition. We showed that this transition is characterized by echoes, the memory of the black hole remaining in the initial outburst. The results obtained by WKB method with Padé approximants and time-domain integration are in good concordance in the common range of their applicability. For the quasinormal modes in the eikonal regime we found analytical formula. It would be interesting to study also massive fields in the vicinity of the transition between the regular black hole and wormhole states as arbitrarily long lived quasinormal modes which exist not only for black holes (see for example [28] [29] [30] [31] ), but also for wormholes with non-zero tidal force in the radial direction [27] could interfere with echoes at late times. Our approach could also be extended to the case of charged wormholes suggested recently in [41] .
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